An orbit geometry where the central projection ray of the detector is not constrained to pass through the center-of-rotation for all projection angles can be useful to reduce uniformity artifacts and to avoid truncation when imaging non centrally located organs. We present a backprojection filtering algorithm for parallel geometry with an elliptical orbit acquisition and verify the algorithm by computer simulations. We show that the point response function is shift invariant and has an analytical expression which is not the common l/r-but is a function of the orbit geometry.
INTRODUCTION
In single photon emission computed tomography (SPECT), the resolution of the collimated detector deteriorates with increased distance from the face of the collimator. Thus, it is desirable to place the detector as close as possible to the patient to reduce the blurring caused by the distance-dependent system response function and to minimize loss of resolution. To accomplish this, it has been common practice by camera manufacturers to design noncircular orbits where the detector follows the body contour but with the central projection ray of the detector always passing through the center-of-rotation. This simplifies the reconstruction algorithm and maintains full body cross-sectional viewing for all projection angles. However, using orbits where the central projection ray is allowed to translate instead of remaining fixed to the center-of-rotation, can reduce uniformity artifacts. These orbits require the development of new algorithms that bring forth some interesting new insights into the mathematics of computed tomography.
The effects of detector uniformity on image quality has been well understood in rotating gamma camera tomography [l] . For orbits where the central projection ray of the detector is constrained to pass through the center-of-rotation for all projection angles, uniformity variations in the rotating gamma camera will result in reconstructed ring artifacts in tomographic images. In most modern day gamma cameras these artifacts are reduced by nonlinearity and energy uniformity corrections performed in the camera electronics. In addition, flood images are acquired and stored in computer memory to numerically correct for any residual uniformity variations due to the collimator. We previously showed [ 11 that uniformity artifacts could also be reduced in reconstructed tomograms if the detector is allowed to follow an orbit where the central ray (in reference to the detector only) is not constrained to pass through the center-of-rotation. In our work, we demonstrated the reduction of uniformity artifacts for an elliptical orbit and other central-ray translating orbits. These orbits reduce the artifact amplitude by distributing the ring artifact over path lengths which are longer than those for orbits were the central ray is fixed to the center-of-rotation.
Even though orbits are general body contouring curves in SPECT, we chose to investigate an elliptical orbit shown in Figure 1 to study algorithm requirements for central-ray translating orbits. A parallel-hole collimated detector rotates around the patient following an elliptical contour with the center of the detector always tangent to the ellipse. One can see from Figure 1 that the central projection ray of the camera is not fixed to the center-of-rotation. The development in this paper assumes that the ray from the center-of-rotation to the center of the detector rotates at equal increments of the angle p. As we will show, this assumption becomes important in deriving the backprojection filtering algorithm and projections acquired with this orbit cannot be reconstructed by the same filter function as for a circular orbit geometry.
In this paper, we develop a backprojection filtering algorithm for parallel geometry to reconstruct data acquired from an elliptical orbit with equal angular projections in p (Figure 1 ). We first derive the point response function for the projection operation followed by a backprojection operation. We show that the point response function is shift invariant but is not equal to llr as it is for circular orbit geometry. In computer simulations, we first backproject the projection data, take
of the backprojected image, multiply the transformed image by the 2D filter function (the reciprocal of the 2D FFT of the analytically derived point response function), and finally take the inverse 2D FFT to obtain the reconstructed image. It is shown that if the common ramp filter is applied to the backprojected image, artifacts appear. These artifacts are removed using the newly derived filter.
2.THEORY
g(p) = r s i n ( + -6 P ) -rOsin(+o-8p) ,
(6)
and p* is a single root in the interval ( 0 ,~) such that g ( P * ) = 0.
Using Eq. (2), we can rewrite g(p) as
Consider a parallel-beam geometry and an elliptical orbit with A and B being the semi-axes in the x and y directions, respectively. The projections p(s, p) are 
b ( r , $ ) = j p w p ) +rsin(+-Bp),p)dp.
The backprojection is defined as
For elliptical geometry, the point response bo (r, $) of the projection operation followed by the backprojection operation for a point source at (ro, $o) is obtained by substituting Eq. (3) into Eq. (4):
The derivative of g(p) with respect to beta is given by 
Setting the right hand side of Eq. (8) to zero, we can show that at g(p*) = 0
We use the relationship in Eq. (10) to obtain expressions for sin@*) and cos(p*). Substituting these expressions into Eq. (9), we obtain the following expression for 
Compute the ratio of B(u,v) and H(u,\,),
(v) Take the inverse two-dimensional FFT of F(u, ti) to obtain the reconstructionf(x, y).
From Eq.(13), we see that the factor on the right depends upon the equation of the elliptical orbit. When A = B, the point response function h(x, y ) reduces to the well-known tomographic point response function ( ,~~+ y~) -"~, which can be deconvolved by applying a twodimensional ramp filter to the backprojected image. We see from inspection of Eq.( 13) that the tomographic point response function (~~+ y * ) -"~ is modulated by the orbit geometry.
COMPUTER SIMULATIONS
The backprojection filtering algorithm was verified by computer simulations for an elliptical orbit with parallel-beam geometry. The filter function h in Eq. (1 3) was sampled at discrete points and stored in a 256x256 array. Then we took the FFT of the 256x256 array of h. We divided the FFT of the backprojection image in (iv) by this result. Figure 2 shows the results of the computer simulation study. The elliptical orbit had axes A and B such that A = 2B = 120 (pixels). The number of projection views over 360 degrees were 256. The projections were backprojected into a 256x256 array before performing the 2D Fourier transform. The reconstruction was displayed as a 128x128 image. Also, the backprojection is truncated leaving some small fraction of the total integral outside the calculated backprojected image, which results in a small underestimation of the total counts. However, we point out that it is not clear that a filtered backprojection algorithm can be derived for the elliptical orbit tomography presented in this paper. There are other examples in computed tomography where a backprojection filtering algorithm exists but a filtered backprojection algorithm has not been derived [2, 3] .
Backprojection filtering algorithms have been proposed for several geometries including parallel [4,5], fan-beam [6] , three-dimensional x-ray [7] , and cone-beam geometries [8] . However, one example of where backprojection filtering will not work is in the reconstruction of exponential Radon projection data [9] . The projector-backprojector gives a space invariant kernel [lo] ; however, the kernel diverges and cannot be deconvolved from the backprojected image. Figure 2(a) is the ideal Shepp-Logan phantom with major axis of 11 8 and minor axis of 88 pixels. Figure 2(b) is the backprojection filtering reconstruction using a twodimensional ramp filter. Artifacts can be observed in the reconstruction. Figure 2(c) shows the backprojection filtering reconstruction with the newly developed twodimensional filter, which was calculated in Step (iii) in the algorithm outlined above. The results indicate that backprojection filtering works for elliptical orbits if the proper filter function is applied.
DISCUSSION
In this paper, a backprojection filtering algorithm was presented for a parallel collimator geometry where the collimator traverses an elliptical orbit with the face of the collimator tangent to the ellipse. The point response function of the projector-backprojector was derived for parallel geometry and was shown to be shift invariant. The point response function was used to derive a filter for the backprojection filtering algorithm and was shown to give good results in computer simulation studies.
Central-ray translating orbits would be useful in SPECT to reduce uniformity artifacts. However, a disadvantage is that to image the entire body these orbits would require a larger crystal area than that is presently being used on clinical SPECT systems and thus is not the most efficient use of the detector area. These orbits would be more useful for imaging non centrally located organs like the heart with converging collimators. Allowing the central ray to fix on the organ instead of the center-ofrotation would reduce the potential of projection truncation which is a common problem in imaging with converging collimators.
To design central-ray translating orbits would require detector gantries which could either translate or rotate the central projection ray during detector rotation. These orbits cannot easily be implemented with present clinical SPECT systems, and to implement would require manufacturers to make major modifications to present detector gantries. This illustrates the importance of designing for a particular imaging application through integration of both hardware and algorithm concepts to obtain optimum image quality.
Backprojection filtering algorithms are not necessarily the optimum reconstruction approach in computed tomography. Backprojection filtering is not commonly used because of the requirement to backproject into an array of twice the dimensions to prevent wraparound effects in the application of Fourier filtering.
In SPECT, we see the application of central-ray translating orbits being used not with elliptical but applied to general body contouring orbits. We see from our analysis of elliptical scanning that the common l/r point response for circular orbits is modified by the geometry of the orbit. For general body contouring orbits, it may be difficult analytically to derive the point response function. Also, it is not clear at this time in our research whether in general the point response will be shift invariant. It is hoped that in most cases the point response would be shift invariant and that it could be calculated at least numerically by digitally projecting and backprojecting a point source. The FFT of the calculated point response would be obtained and the reciprocal of this result would be used as the filter function in Step (iii). Also, we point out that in applying any algorithm in SPECT it is important to consider attenuation. It is anticipated that the proposed algorithm would be applied either without attenuation correction, as is presently done in clinical cardiac SPECT, or correcting for attenuation using preprocessing [ 111 or postprocessing [ 121 attenuation correction techniques.
Orbits where the central projection ray is not constrained to pass through the center-of-rotation are useful to reduce uniformity artifacts. This particular tomographic application introduces a new tomographic inverse problem. We showed that a backprojection filtering algorithm can be derived for parallel geometry with elliptical orbit scanning, but at this time we can only speculate that backprojection filtering would apply for parallel geometry with arbitrary body contouring orbits that are used in SPECT. The SPECT application presents an interesting inverse problem for which much of the mathematical formulation is still unsolved, especially for converging collimator geometries.
